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DAMPINGDUETOROILOF TRIMHTLAR,TRAPEZOIIML,

ANDRELATEDPIANFORkSIN~ONIC FLOW

ByArthurL. JonesandAlbertaAlksne

theltiltationsofltiearizedpotentialtheoryforsupe~
solutionshavebeenobtainedforthedampinginroll.of
trapezoidal,rectemgular,andtwoswep%backplanforms.

Theresultsindicatethatas theaspectratioisincreasedthe
limitingvalueofthedampinginrollfortrapezoidal(witha finite,
fixedrakeangle)andrectangularplanfomnsisequalto thevalue
fortwtiimensionalflowwhichistwicetheltiitingvaluefor_&ian-
- Pk fOrms. Fortheswep=ackplanformshavingtheMach
coneandleadingedgecoimcidentorverynearlycoincident,the
dampinginroU evenexceededthevaluefortwo-dimen?sionalflow.

b addition,ah investigationoftheeffectofreversalof the
plan+i?ozmpositionrelativeto thestreamdirectionwasmadefor
thema~orityof theplanformsconsideredandtheresultsshow
thatthisreversalhadno effecton thevalueofthedampinSin–
rollstabilityderivative.

INTROIXJCTION

Therearea numberofmethodsavailablefor.determining
supersonic-flowloaddistributionsonliftingsurfacesbymeansof
linearizedpotentialtheory.Applicationofemyofthesemethods
variesindetailandno individualmethodcanbe consideredasbeing
bestsuitedfdruseinobtainingsolutionsforarbitraryMach-cone
plan+?ozmconfigurations.

Therehtivelysimpleproblemofdeterminingtheinducedflow
fieldandthesurfaceshapeto supportan arbitrarilyprescribed
loaddistributionalwayscanbe solvedusingdoubletdistributions
anda surfaceintegration.Thisprocedureprovidesem explicit
expressionofthedoubletsheetpotential.(Fora detaileddescrip-
tionseereference1.) Ontheotherhand,iftheloadingovera
wingis tobe determinedfroma knowledgeofthedownwashdistr!–
butionrequiredtomakethestreamlinesconformto theshapeof

.
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theliftingsurface,thedoubletdistributionandsurfaceintegra-
tionmethodagainoanbe applieddirectly,providsdthewinghas
so+alJedsuperscmicleadingedges,trailingedges,andtips.1When
subsonicedgesortipsareconsidered,however,themathematical
developmentinvolvesthesolutionofan integralequationinorder
to getresultscomparableto thoseobtainedby therelativelysimple
surfaceinte~ationusedforwingswithsupersonicedges.The
solutionofan integralequationis generallya ratherlongand
tediousprooessandcanbe oiroumventedforcertainplanfozmswi~
subsonioleadingedgesortipsby a methodpresentedinreference2.

.
Inthisinvesti~tionto detezminethelinearize@otential-

theoryloaddistributimduetoroll,onlythesurfaceintegral
methodsofreferences 1 and.2 havebeenused. Othermethodsthat
havebeenappliedsuccessfullyto obtainsngle+f-attackloadings,
suchas theconioalflowandthedouble%linemethods,srealso
applicable.

Theplanformsconsideredk thisinvestigationarethefollow-
img: (1)triangukrwithsubsonioleadingedgesandwithsupersonic
leadingedges;(2)trapezoidalwithaU possiblecombinationsof
rakedin,rakedout subsonicor supersonictips(fig.1);(3)
rectangular;and(k!twoswept+backplm formsdevelopedfrcmthe
triangularwings(fig.2). Moreover,allbuttheswept+km.ckplan .
formsandthetriangulmplanformwithsubsonicleadingedgeswere
analyzedwiththestreemdirecticmreversedsothattheleadingedges
wereinterchangedwiththetrailingedges.

Theloaddistributionsduetorollingobtainedforthewings
investigatedweresubsequentlyintegratedto determinetherolling
momentandthedamping-in.rollstabilityderivatives.Allresults
havebeenpresented~ stability-deriva~iveform.

SYMBOISANDCOEE!TICIENTS
●

X,y,z (!artesiancoordinates

u perturbationvelooity

w perturbationvelocity

alongthepositive

parallelto-is

X+ucis

(positivedownward)

‘A supqrsonioedgeisanedgeforwhichtheangleof inclination
fromtheplaneof symetryisgreaterthantheMachooneangle.
Theinverseofthisrelationshipdefinesa subsonicedge.

●

●
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free~treemvelocity

3

spanofwingmeasurednormaltoplaneof synmetry

root ohordofwing

over-alllengthof swept+ackwing(Seefig.4

area ofwing

density inthe freestream

free-streamdynamicpressure

pressuredifferentialacross

rolling mcmentaboutX-&is
/

(*V’)

wingsurface,positiveupward

T\

roll~ment ccefficient
()&

rateofroll,radianspersecond

dampin~ti+roll.stabilityderivative(*)
free~treamMachnumber

F ~-l

Machangle
(
arcten~

$)
tiprelseanglemeasuredfromlineparalleltoplaneof
symmetryinpleneofwing

tangentof 5
tellb
t$EmlA

completeelipticintegralofthesecondkindwith
modulus~=

cmqpleteelllticinte~alofthefirstkindwith
moduluse142

perturbationvelocitypotential
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METHOD

Thethin-al?foil-theoryboundaryomditionfor 8 rolling wing
isa ltiearspanwisevariatirmofangleofattackwhiohGorrespona
to a linear spanwisedistributionoftieverticalinduoedVelooity
Theproblem,therefore,istofindtheloaddistributionthatwill
satisfythiscouditionwithinthewingboundariesandconforminall
otherrespectstoa propersoluticmofthelinearizeddifferential
equationforsupersonicflow.A titaileddevelopmentanddiscussion
ofthesurfaceintegralmethodforobtainingtheloaddistribution
fora rollingwingcanbe foundinreference1. Thepresentationof
themethodinthisreportismere4 anoutlineoftheoperations
involvedinobtainingtheloaddistributionfromtheknownboundary
Conditions.

Theloadingatanypointisproportionaltotheperturbation
velooityu paralleltothelongitudinalaxisofthewing(the
X+xis in fi~. 1 and2). Thefollowingshnplerelationshipsfrom
linearizedpotential.theory

AP 4U—=—
qv

(1)

(2)

canbe usedto obtainu andsubsequentlytheloaddistributionin

termsof + oncethegenerale~ressionfortheverticalinduced

velocityw requiredinequation(1)

Toconverttheloaddistribution
X-axisthefollowingintegratimmust

islmown.

intorollingmomentaboutthe
be p@omed:

9

●

w.
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The stabilityderivativecoefficientCZP isthen
s

Thegeneralexpressionfor w mustbe lmownintheregion
directlyabovethewhg extendingfromthewingto theMachcone
envelope.Theproceduresforobtainingthisexpressionaredivided
intothetwofollowingcategoriesfordiscussion.

SupersonicLeadingEd~s andTips

An applicationofGreenrstheorem,discussedinreference1,
providesthemeansfordetermininga generalexpressionfor w if
w isspecifiedintheplaneofthewingovertheareaboundedby
theenvelopeoftheMachforeconesstemmingfromthetrailing
edges.Themeansusedamountstoan integrationovera doublet

. sheetforwhichthestrengthisproportionalto thespecifiedvalues
of w ontheX-Yplane.Forthesupersonic-edgedplanforms,there–
fore,theloadlngsolutioncanbe obtainedreadily>sincew is
equalto zerointheboundedareaoftheX-Yplaneexcepton the*
wingitselfwhere w isequalto theprescribedboundary+ondition
value.

SubsonicLeadtigE@s orTips

If theplanformhasa subsonicleafingedgeor tips,theair
oanbe disturbedintheregionbetweentheforemost-ch coneand
thewingsurface.In thisregion,thereforej theswc~ficationOf
w on theX-Yplanerequiresingeneralthatan integralequation
mustbe solvedto@btainthegeneralexpressionfor w. Reference2,
however,providesan alternativeprocedureforcertaintypesof sul+
sonicleading-edgeor tlpplanformswherebythesolutionofan
integralequationmaybe avoided.Thesolutionsfortheseplanforms
thenareobtainedby a processof integrationsimilarto the
procedureusedforplanformswithsupersonictipsandleadingedges.

MSCUSSIONOFRIWLTS

Zhestabillty+rivativeresultsaredividedintothetilsm-
gularplanform,thetrapezoidalandrectangularplanform,andthe
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categoriesfordiscussion.Expressionsforthe
ooeffioientsaregiven.Curvesshowingthe

variationofthesecoefficientswithaspeotratioarepresentedin
figures3,k,and5. Expressionsfortheloadingfumtion AP/q
aregiveninAppendixA.

TriangularPlanFo?ms

Theexpressionfor ~2p forthe triangular plenform~with
supersonicleadingedgesis .

andforthetriangularwingwithsubsonicleadlngedgesitis

where E isthecomyleteelliptiointegraloftheseoon~kindtith
modulus~=, K istheoompleteellipticintegralofthefirst
kindwithmodulus~=, and e isa parameterthatindicatesthe
relativepositionsoftheMaohconeandleadingedge.Forthesub-
sonicleadin~dgeplanformsthevalueof O islessthem1 ahd
theleadkgedge-issweptbehindtheMach
Imp withtheaspectratioparameter~
forbotht~es oftriangularplanfoms.

TrapezoidalandRectangular

cone. Thevariationof
ispresentedinfigure3

PlanForms

‘l%ereare twogeneraltypesoftrapezoidalplanforms,defined
by havingthetipeitherrakedinorrakedoutfrcuntheleading
edge. Thetipineithercasemaybe classifiedas subsonicorsupe~
sonicdependingonwhethertheMach-ooneangleisgreaterorless
thantherakeangle.‘IhustiersarefourbasioMaoh-ooneplan-form

‘~kngularplanformswiththepointforwardwillbe referredto
as “triangularplanforms”incontrastto theterm“invertid
triangularplanfozms”whichtillbe usedb referencetobase
forwardtriangles.
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s configurations. Forthreeof thesemnfigurationsthepossibility
oftheoverlappingoftheMachoonesfromthetipsprovidesa ‘
seoondaryocmfiguratimforwhichit ispossibletopredictthe
loadingdistributionandthedsmpingduetoroll. Allthetraj@-
zoidalplanformsocmsideredareshowninfigure1.

,

!Iheexpression for #2tp forthetrapezoidalpleQformsw&th
supersonictips (e?1)

iwp=-5(1-29
wasfoundtoapplyregardlessofwhetherthetipwasrakedin,as
onplanfozmla, orrakedout,as onplanform b. Sincefora
given ~ and.a givenspantheplanforms a and b areeffectively
thessmeplanformwiththestreamdirectionreversed,it isevident
at Cipis independentofthedireotionofthestream,provided
thestreamremainsparallelto theplaneof symmetryoftheplan
fOm. Theseinemnclusiona2pliestothesubsonic-tippedtrapezoidal
andredangul.arplanforms (8<1) andtheexpressionfor ~CZp for

. thistypeis

u

‘+-#&l-3e -902 -m”)
1

IWs propertyofreversibilityappearstobe ratherremarkable
inviewofthefaotthattheloaddistclbutionona givenplanform
isohangedmarkedlyby reversingwe #a?eemdirection.~is resfit
d.soisa direotanaloguetovcmKermentsindependencetheorem
(~ference3)fordf’ag=d, althoughthedragtheoremwasdeveloped
aio~w toapplytoallplanforms,theindependenceof the
liftandrollckaoteristiosas yetmerelyhasbeenindicatedby
oaloulationona limitedrnmberofpleaforms.

It is obvious that thetrapezoidalplanfomncanbe reduoedh
SP= tilleithera triangularoran invertedtriangularplanfozzu
is obtdned. Dms itwaspossibletocheckonthereversibility
_z’@ of We ~w=~ic-leauwdge *i-@es quitereadily.
Itwasnotpossibleinthepresentinvestigatim,however,toreduoe
thesubsonlo-tippedtrapezoidsto trianglescorrespcmdingtob
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triangularwingsinordertoobtaina checkontheinde-
theoremfortheseplanforms.As @lbecomeslessthan
theMachconefromonetipisreflectedofftheothertip

andtheloaddistributionbehindthesereflectedMachlinesisnot-
readilydetermined.Fromfigure3 itisapparentthat,forvalues
of PA lessthan (1+ 8)2, thevariationof PCZ2 with $A
mustreduceinslopeas thetrapezoidreducestoa triangle
(BA= 46) inordertoyieldthevalueof @2zp correspondingto
thevalueof PC2P forthetriangularplanform.

Itcanbe seeninfigure3 thates theaspectratioincreases
thevaluesof PCZp forthetrapezoidalend~ctangularplanforms

. approachthevaluefortwo-dtiensi-l flow— Y *ereas‘e
1 whentheaspectratiotriangularplanformsreachavalueof- ~

parameter~ becomesequalto orgreaterthan4. By lettingthe
tangentoftherakeangleapproachinfinityas thespanapproaches
infinity,thesupersonic-tippedtrapezoidalplanformscanbemade
toapproachtheconfigurationofam invertedtriangularplemfomn.
Sincefora triangularplanform

A=4m

theUmtttigvalueof PCZP forthiscasebecmnes(usingtheexpres-
sionforthe supersonic-tippedtrapezoidalplsmforms)

%=-$(’-ti)
‘-;(’-20

()19C2P=-$ 1–* =–: .
andthuscheckswithtievalue forthetriangulwplanfomnwith
supersonicedges.

SwepHack PlanForms

Thetwoswept+backplanformsshowninfigure2 areeasily
developedfromthetriangularwingsofsupersonicsmdsubsoniclead–
ingedgesby cuttingouta smalltrian~lmareafrcmtherearofthe
triangularplanforms.Otherawep&baokplan<omnconfigurations

.

.



arealsoamenableto calculationbutonlytheresultsforthetwo
planformsselectedareincludedinthisreportforpurposesof
comparison.TheexpressionforthedampinginroU oftheswepHack
planformwithsubsonicleadingedgesis

$%p
~(L1-L2)2V j3(L1-L2)2V=— —=
qSb 1 ~~ + 2cr)– 12<r2 ~pb2

where LI istherollingmomentforthetriangularwingasa whole
and L2 istherollingmomentof thesmalltrisnglecutoutto
providea swep%tackplanform. !Cheexpressionsfor LL and L2
are giveninAppendixB.

Fortheswep=ack planformwithsupersonicleadingedgesthe
dsmpin~in-rollcoefficientis

where LS istherollingmmnentfortietri~@~ ~n~ asa fiole
end IA istherollingmomentofthesmalltrianglecutoutto
providea swep~ack planform. Thee~ressionsfor L3 md L4
aregiveninAppendixB.

Fromfigure5 itcanbe seenthatbothoftheseswep~ack
planformsprovidedmoredampinginrollthantheirrelatedtrian–
gu.larplanformsofthesamespanandMach-coneleadin~dgeconfie
uration. ~is resultwasanticipated,sinceth6loaddistributions
forthetriangularplanformsinrollrevealthatthemagnitudeof
theloadincreasesas theleadingedgesareapproached.At valuesof
e intheimmediatevicinityof1, theswept~ackplanfomm provide
greaterdampinginroU thanthetrapezoidalorrectangularplanforms
forcomparablevaluesof PA. Moreover,eventhevalueof Wzp

2 isexceededinmagnitudeat ~ts offortw~nsional flow– ~
10 orhigherby theswepHack planformsofthetypeshownonwhich
theMachconeandleadingedgeareverynearlycoincident(i3very
nearlyequalto 1).
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CONCLUDINGREMARKS

Theresultsof thisinvestigationbasedonlinearizedpotential
theorytidicatethatforvaluesof PA greaterk 4 thetrapezoidal
andrectangularplan formsprovidevaluesof *ZP greaterthen

1 forthetriangularplanforms.Thelimitingthellmitingvalue y
valueof ~C 2P fortherectangularandtrapezoidal(witha finite,

fixedrakeangle)planformsis ~ whichcorrespendstothevalue
#infinitesp”m.Thevalueoffora constantihordplanformo

.

$ for -@C1P isalsoexceededby someoftheswep~ackplanforms.
Theswep&backplanformsInvestigated,moreover,showedthatfor
configuraticnsonwhichtheMachconeandtheleadlngedgearevery
nearlycoincidentthevalueof ~CZm fortwo-dimensionalflow

x

~ is exceeded.
3

AllbutthesweptAackplanformsandthetriangularplanform
withsubsonicleadingedgeswereinvestigatedwiththeleadingedges
andtrailingedgesreversedrelativetothestreemdirection.For
a givenplanformat a given Machnumberitwasfoundthatthis
reversal,whichchangedcompletelythedistributionoftheload,
hadno effecton thevalueof PCZp.

AmesAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,

MoffettField,Calif.

Theexpressionsforthe
formsareasfollowa:

e 21 (Supersonicleading

.

APPENDIXA

loaddistributIonoverthetriangularplan

edges)RegionwithintheMachcone

:=+ &$q3J’~d%,]
[- m(82y+mx)
Yc(e=l)S/a1“4*I +,::3=}



NACATN NO. 1548

RegionbetweenMachconeandleadingedge

Id

:=:*

f3<1 (Subsonicleadingedges)
4pII@X

:=w=q~E-#&]

!lheexpressionsforthe
planformsshowninfigure1
asfollows:

821

loaddistributlcmsforthetrapezoidal
andfortherectangdarplanformare

Planform-a,f3A~4
~=~
~ fw

PlanfOmlb, ~~4(e+l)2/(s+2)

Region1
m~
—=f)v9

Region2

(m Wy+nx—~ + mcr)
*

2(e=l)3/2

w
[

)
mx 1

e(y-~+mcr +m~
. — Sti-1
fie 2e

Region3
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Planformc, 4:BA:4(e+V/(e+2)‘

Region1 & sameasforregion1 onplanfonb

Region2 & sameasforregion2 onph fo~b

Region3 & ssmeasforregion3 onplanfonnb

Region4

? ‘(:)2-(%)1-%{ F%E#=w”’ F%i&@

Planformd, 13A>4/(2-e)

Region1

?

,

AP4—=
q +
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Region2

AP 4p ‘Y”—=—
1
; Cos-1~

~ m X(l-e)

2 /-( &@3 +x)(BY-* +ex)
X5(1-8) 1

.

Planforme, (l+e)’<13A<4/(2-e)-.
●

Region1 ~ sameasforregion1 on@en formd.

Region2 & sameas forregion2 onplanformd.

Region3

13
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Planfo?mlf, f3A>4(e+l)2/(0+2)

Region1

Region2

NACATN No. 1548 .
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Region3

+ec~) (ex+py+p+ Xp(l+e)

e = O (rectangular)PA21

~ s~e as fortrapezoidalplanfol?meWithG=O.

APPENDIXB
*

TheexpressionsfortherollingmomentsLl,L2,L3,and L4
fortheswepHack planformsare:

“=3*
.

1
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[
32~2%&2c&cr%?a(92 ~13Zacr+’i’2cra+10crg)

+ e4(9Zs-llZ2c#tcr24cr=)-3e8(ls-t2cr)1

‘“=%%=

.

*
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“=* “4

[

+ (e%l)(2-0r)3
3cr3

+

17
J-1

([-( 3ez+2 )
1

.&a .in-ll
m=F 12 F+w

(24,)2 , (0-)
1

~in+ (P( 2-CJ+2
2cr2 24 e(2z-cr)

[
+-

(Z-Cr)2 (8=) (382+2)— — -— -
1
~in_l8=(kr )–2

3cr9 + 2cr= 2& ~(ea-1)~ ecr

@ey2+=+
‘r

_ (382+2)(824)
36(e2-~)3 12~

([ s
(z4r)2 (2e2-3)

1
82(2-cr)3_ 22 __+14- ~in-~82(Z-Or)+2

31 6 e(2kr)

X(ea-1)3/2_(Z-cr)/i 42’+’(2-cr)=
+

36 3z~
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Figure 3.- Varlotion of damping-in-roll coefficient, ~6)P, with aspect ratio ~
parameter, PA, for trapezoidal and triangular plan forms investigated. ~
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Figure 4.- Variation of damping-in-roil coefflcien( fl~, with aspect ratio
POrometer, #A4, for trapezoidal plan forms with supemonk tips, @>1.
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re 5.- Voriotlon of damping-in-roll coefficient, ~~ with OspeCt ratio
aramete~ PA, for swept-back plan forms investigated.


